We have used first-principles electronic structure calculations to generate the bulk modulus as a function of volume as well as the densities of states and scattering phase shifts at the Fermi level. These quantities were used in conjunction with the rigid-muffin-tin theory of Gaspari and Gyorffy and the McMillan theory to determine the electron-phonon coupling and the superconducting transition temperature for yttrium and calcium under high pressures. Our results provide a good interpretation of the measured increase of T c in these metals.
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I. INTRODUCTION
In a recent paper Hamlin et al. 1 reported diamond anvil experiments in yttrium that show superconductivity under hydrostatic pressure, with a linear increase from T c = 3.5 K at 30 GPa to 17 K at 89 GPa. Earlier x-ray diffraction measurements by Grosshans and Holzapfel 2 suggested a crystal structure sequence hcp-␣Sm-dhcp-trigonal in the pressure range, with the transitions occurring at 15, 32, and 45 GPa, respectively. It is not clear whether the fcc lattice appears between double hcp ͑dhcp͒ and trigonal as it does for a few of the rare-earth metals. A theoretical prediction that Y transforms to the bcc structure at 280 GPa has been made by Melsen et al. 3 In addition to yttrium, calcium has also been reported 4 to superconduct at T c = 15 K at pressures of 150 GPa in the simple cubic lattice and at T c =25 K at 161 GPa. 5 In this work we seek to explain the pressuredependent superconducting behavior of these elements by using total-energy and electronic band-structure results from first-principles calculations as input to the rigid-muffin-tin approximation ͑RMTA͒ developed by Gaspari and Gyorffy. 6, 7 We performed general-potential linearized augmented-plane-wave 8 ͑LAPW͒ total-energy 9 calculations to determine the relationship between total energy, volume, and pressure for the above crystal structures of Y and Ca. For yttrium we placed the 4s and 4p states in the semicore, representing them by local orbitals inside the muffin tin, 10 while for calcium we used semicore orbitals for the 3s and 3p states. We found the best representation of the structural behavior of calcium was obtained using a generalized gradient approximation ͑GGA͒, 11 while for yttrium we used the local density approximation ͑LDA͒ from the same reference. We made these choices of density functionals in order to ensure that the predicted equilibrium volume of the ground-state structure is in agreement with experiment. For calcium, the LDA equilibrium lattice constant is approximately 4% smaller than experiment, 12 while we find that the GGA equilibrium lattice constant is within 1% of experiment. We thus use the GGA to describe calcium. The LDA equilibrium lattice constant for yttrium is within 1% of experiment; hence, we use the LDA for yttrium.
In Fig. 1 we show the total energy of Y with respect to the hcp lattice as a function of volume and pressure. From this graph and the corresponding calculation of the enthalpy the LDA predicts that the transition from the hcp structure to ␣Sm occurs at −3 GPa; i.e., the ground state of yttrium is ␣Sm, in conflict with experiment. The LDA does predict the correct sequence of phase transitions, with the ␣Sm-dhcp transition at 3 GPa, rather than the 30 GPA found by experiment. 2 It is significant that at pressures very near 89 GPa, where the maximum T c was found, the fcc lattice has its minimum energy relative to the hcp structure. However, as noted by Yin and co-workers, 13 at these pressures the fcc structure is unstable with respect to distortions related to the transverse phonons along the ͓111͔ direction near the Brillouin zone boundary. We approximate this instability by using a frozenphonon representation of the L 3 − phonon, minimizing the energy as a function of the displacement of the basis vectors from their positions on the fcc lattice. We find that this distorted structure has a lower energy than the cubic fcc phase for all volumes where the fcc structure has a lower energy than either the ␣Sm or the dhcp structure. This transition FIG. 1. ͑Color online͒ Yttrium total energy relative to a sixthorder Birch fit to the hcp structure. The displacement of the hcp points from the line shows the error in the fit. The pressure scale is the pressure of the hcp structure determined from the fit as a function of the corresponding cell volume. The L 3 − structure is explained in the text.
starts at approximately 40 GPa, close to the experimental transition at 45 GPa. 2 Since the L 3 − structure yields only an upper bound on the energy of all possible distortions of the fcc lattice, the calculations predict that the cubic fcc structure of yttrium will never be seen under hydrostatic pressure.
Using our band-structure results we proceed with a firstprinciples calculation of the electron-phonon coupling constant and the superconducting transition temperature T c . We take the McMillan approach 7 and write
where N͑ f ͒ is the density of states per spin and ͗I 2 ͘ is the electron-ion matrix element.
We calculate the numerator , known as the Hopfield parameter, within the RMTA. The matrix element ͗I 2 ͘, derived from multiple-scattering theory, is given by the formula
͑1͒
.
͑2͒
The RMTA formula for requires accurate calculations of the total ͑N͒ and angular momentum components ͑N l ͒ of the density of states at the Fermi level; the scattering phase shifts ͑␦ l ͒, which are calculated from the radial wave functions u l , spherical Bessel functions j l and Neumann functions n l at the muffin-tin radius R s from the well-known formula 15
and the free-scatterer density of states,
Since Eq. ͑2͒ is based on scattering theory, it should be applied using touching muffin-tin spheres, as the excess interstitial volume in the case of nontouching spheres introduces errors. In our recent papers 16 on superconductivity of the alkali metals we have demonstrated that Eq. ͑2͒ has been misused in the past and if applied properly is sufficiently accurate to understand the pressure variation of T c . For the determination of the denominator of Eq. ͑1͒ we approximate
and obtain the Debye temperature ⌰ D using the formula given by Moruzzi et al.:
where B is the bulk modulus ͑in GPa͒, r 0 is the Wigner-Seitz radius in Bohr units, and M is the atomic mass. The resulting average phonon frequency and its variation with volume enter both in the calculation of and in the prefactor of the McMillan equation for T c :
This approach is appealing for its simplicity, and it turns out to be fairly accurate, leading to results that are in agreement with experiment. It should also be noted that this approach is very well converged with respect to the k-point integration over the Brillouin zone, a serious issue in calculations using linear response theory.
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II. RESULTS
A. Yttrium
The different crystal structures of Y starting from hcp down to ␣Sm and dhcp are all closed-packed structures, so in presenting our results for the parameters controlling superconductivity we will make the simplifying assumption of performing the RMTA calculations in the fcc lattice. This assumption was also made by Yin et al., 13 and it is justified on the basis that the unstable L 3 − transverse phonon distortion results in a displacement of only 0.06 a.u. perpendicular to the ͓111͔ direction. In the left panel of Fig. 2 we show the parameter and the total density of states N͑ f ͒ per spin at the Fermi level f , as a function of pressure. We note that although N͑ f ͒ decreases with pressure, increases. This is clearly due to a rapid increase of the electron-ion matrix element ͗I 2 ͘ that multiplies N͑ f ͒ to get . The increase of ͗I 2 ͘ comes from the increase of the d character of states at f . In the right panel the pressure variation of the bulk modulus is shown together with ͗͘. Since we have taken ͗͘ to be roughly proportional to B, they both show a similar increase with pressure, although the r 0 factor in Eq. ͑6͒ somewhat dampens the increase of ͗͘. We then proceed to calculate , shown in the left panel of Fig. 3 . We see that is about constant at lower pressures but then increases rapidly at the higher pressures. Finally, in the right panel of Fig. 3 Table I where we list all quantities entering the McMillan approach.
To further test the validity of pursuing these calculations in the undistorted fcc lattice, we actually performed a calculation of the coupling constant for the distorted L 3 − phonon and found values in the range of 0.5-0.7, which give similar values for T c as in the fcc within the uncertainties of the choice of * . We have also performed calculations for the bcc structure which is predicted to occur at pressures well over 200 GPa, in agreement with Melsen et al. 3 Our results for both the L 3 − and bcc structures are also shown in Table I , indicating that superconductivity is possible in the bcc lattice as well.
B. Calcium
Using the same methodology we evaluated the electronphonon coupling and T c in Ca. We have previously shown 19 
CALCULATIONS OF SUPERCONDUCTING PROPERTIES IN… PHYSICAL REVIEW B 75, 024512 ͑2007͒
024512-3 transformation to the bcc structure. We have now performed new total-energy calculations by the LAPW method, as shown in Fig. 4 . We found structural transitions from fcc to bcc at 10 GPa, from bcc to simple cubic at 43.5 GPa, and from simple cubic to hcp at 95 GPa. The comparable experimental values are 20 20 , 32, and 40 GPa, though the last transition is to an unknown phase. As with yttrium, density functional theory ͑DFT͒ calculations, in this case using a GGA functional, correctly describe the ordering of the transitions, but not the correct transition pressure.
The interesting behavior in the hcp energy at volumes below 100 bohr 3 /atom is caused by the formation of a double well in the energy as a function of c / a. One of the minima of this well is near the ideal value ͱ 8 / 3, while the other well begins near the ideal value and then decreases to about 1.3 at V = 60 bohr 3 . The dip in the E hcp − E fcc curve occurs when this "small c / a" structure has the lowest energy. For volumes below 60 bohr 3 the near-ideal hcp lattice again has the lower energy. In the small c / a structure the Fermi level is at a minimum of the electronic density of states, and so in this 4 . ͑Color online͒ Calcium total energy with respect to the energy in the fcc phase for the bcc, simple cubic, and hcp phases. The transition pressure between each phase is discussed in the text, as is the unusual shape of the hcp curve at high pressure.
region Ca will have a very low T c .
Using these results, we noted that the pressure range covered by the experiment is in the region of the bcc and sc structures. We accordingly computed the quantities needed for the RMTA for these structures, summarizing our work in Table II and in Fig. 5 . As is shown in Fig. 5 for sc Ca both N͑ F ͒ and increase monotonically with increasing pressure. We note that this behavior is different from Y where N͑ F ͒ decreases under pressure.
The increase of N͑ F ͒ in Ca is contrary to our usual expectation that the broadening of the DOS under increasing pressure would result in a decrease in the DOS at any given energy, especially at the Fermi level. In Fig. 6 we plot the total DOS for Ca in the simple cubic structure at pressures of 30, 61, 153, and 189 GPa. At the lower two pressures F falls in the middle of a pseudogap which keeps N͑ F ͒ low. However, at the higher pressures F moves away from this gap and into the Ca d bands, increasing N͑ F ͒ by a factor of 2.
Also in Fig. 5 we show the expected increase of ͗͘ with increasing pressure and the resulting pressure dependence of . For pressures of over 100 GPa reaches unusually large values, and as a result the predicted value of T c , shown in Fig. 7 , seriously overestimates the experimental values. The large values for are achieved because of the rapid increase of at pressures above 100 GPa, which can be traced to the rise of the matrix element ͗T 2 ͘, as shown in Fig. 8 Of course the calculated T c strongly depends on our chosen value of * = 0.13. We note that raising the value of * to 0.20 reduces T c by roughly 20%. In Table II we also list results for bcc Ca. In this case is much smaller and hence the calculated T c is also smaller. It is not clear whether the experimental measurements correspond to the sc or bcc lattice.
III. CONCLUSIONS
On the basis of band-structure calculations, the RMTA, and the McMillan theory of superconductivity, we have accounted for the superconducting behavior of Y and Ca under pressure. Our approach for calculating the electron-phonon coupling differs from recent work 13 on Y using linear response theory, which leads to unusually high value of close to 3.0 even at the modest pressure of 42 GPa. It is possible that this value of can be reduced by performing the calculations using a denser Brillouin-zone sampling. Our values of are less than 1.0 even at pressures above 100 GPa, which, within the uncertainty of the value of the Coulomb pseudopotential * , gives values of T c near experiment. On the other hand for Ca we obtain large values of and consequently overestimate T c . In any case the increase of T c with pressure seen in the experiments for both these metals is unambiguously demonstrated by these calculations in terms of an electron-phonon mechanism.
The problem with * has been eliminated in the recently proposed theory of superconductivity by Profeta et al. 22 It would be helpful if * could be extracted or inferred from this theory. In addition, it would be extremely valuable for the determination of if measurements of the Sommerfeld coefficient ␥ could be made under high pressure.
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